Abstract. This paper extends Dolbeault cohomology and its surrounding theory to arbitrary almost complex manifolds. We define a spectral sequence converging to ordinary cohomology, whose first page is the Dolbeault cohomology, and develop a harmonic theory which injects into Dolbeault cohomology. Lie-theoretic analogues of the theory are developed which yield important calculational tools for Lie groups and nilmanifolds. Finally, we study applications to maximally non-integrable manifolds, including nearly Kähler 6-manifolds, and show Dolbeault cohomology can be used to prohibit the existence of nearly Kähler metrics.
Introduction
In 1954 Hirzebruch asked a series of fundamental questions related to the topology and geometry of smooth and complex manifolds [Hir54] . Among these is Problem 20, attributed to Kodaira and Spencer, which concerns Hermitian structures on almost complex manifolds, and has remained open.
Recall that an almost complex structure on a differentiable manifold induces a bigrading on the complex de Rham algebra of differential forms. In the integrable case, the differential decomposes as d =∂ +∂ where∂ has bidegree (0, 1) and ∂ is its complex conjugate, but in general, there are two additional terms d =μ +∂ + ∂ + µ arising from the Nijenhuis tensor, whereμ has bidegree (−1, 2) and µ is its complex conjugate.
For any choice of compatible metric, one can define the∂-Laplacian ∆∂ usinḡ ∂ and its formal adjoint∂ * . As noted by Hirzebruch in loc. cit., the∂-Laplacian is elliptic even in the non-integrable case. In particular, for any compact almost complex manifold with an almost Hermitian structure, one can consider the finitedimensional numbers h p,q ∂ := dim H p,q ∂ . In the integrable setting, these are just the Dolbeault numbers, and so are metric-independent by the∂-Hodge Theorem. Hirzebruch's Problem 20 asks:
Is h p,q ∂ independent of the choice of the Hermitian structure? If not, give some other definition of these numbers which depend only on the almost-complex structure, and which generalizes the numbers h p,q ∂ = dim H p,q ∂ for a compact complex manifold. In 2013, Kotschick provided an updated account of Hirzebruch's problem list, explaining that out of the initial 34 unsolved problems, five remained essentially open. On Problem 20, Kotschick writes "There seems to have been no progress at all on this problem, which asks for a development of harmonic Dolbeault theory on arbitrary almost complex manifolds" [Kot13] . In this paper, we propose such a candidate.
On an almost complex manifold M , the equation d 2 = 0 implies in particular thatμ 2 = 0, as well as∂µ +μ∂ = 0. It follows there are cohomology groups . Furthermore, the equationμ∂ + ∂μ +∂ 2 = 0, which also follows from d 2 = 0, implies that ∂ squares to zero on H * , * µ (M ). We define the Dolbeault cohomology of M by H p,q Dol (M ) := H q (H p, * µ (M ),∂). This is functorial with respect to differentiable maps compatible with the almost complex structures, and it generalizes the Dolbeault cohomology of complex manifolds, since the integrable caseμ ≡ 0 implies that H p,q µ (M ) is the space of all (p, q)-forms.
The following subsections give an overview of a rich theory that accompanies this Dolbeault cohomology, including a Frölicher-type spectral sequence, a harmonic theory, Lie-theoretic analogues of all these which serve as an important calculational tools, as well as applications to interesting non-integrable almost complex manifolds.
Frölicher spectral sequence. A key observation of the present work is that one may modify the Hodge filtration, defined previously for complex manifolds, in such a way that it is compatible, for all almost complex manifolds, with the total differential (i.e. even in the non-integrable case). We generalize the results of Frölicher [Fro55] for complex manifolds, by showing that the Dolbeault cohomology of every almost complex manifold arises in the first stage of the spectral sequence associated to this new Hodge filtration F , which moreover converges to the complex de Rham cohomology of the manifold (Theorem 3.8):
Since the new Hodge filtration is compatible with morphisms of almost complex manifolds, it follows that the entire spectral sequence is functorial and a well-defined invariant of the almost complex structure on the manifold. In the integrable case, for whichμ ≡ 0, we recover the usual Hodge filtration and Frölicher spectral sequence in addition to the usual description of Dolbeault cohomology.
For complex manifolds, the Dolbeault cohomology may also be defined in terms of sheaf cohomology. In addition, for compact complex manifolds, the theory of harmonic forms ensures that the Dolbeault groups are all finite-dimensional. While we do not yet have a sheaf-theoretic approach at hand for the general case, we do develop several results related to the theory of harmonic forms, which allow one to approximate the Dolbeault cohomology in general, as well as compute it completely in some cases. Additionally, we establish nice finiteness properties in some cases, which we now explain.
Harmonic theory. Via the choice of a Hermitian metric, one may consider the various Laplacians ∆ δ associated to the operators δ =μ,∂, ∂,μ or d as well as the corresponding spaces of δ-harmonic forms (see Theorem 4.9), and are finite-dimensional whenever M is compact. In the case of compact complex manifolds, the inclusion is an isomorphism by the Hodge decomposition theorem, and the right hand side is the space of∂-harmonic forms. Interestingly, these spaces are shown to satisfy Serre Duality (Theorem 4.5), and in another work [CW18] we show that for compact almost Kähler manifolds they satisfy most of the expected properties that are enjoyed by the cohomology of a compact Kähler manifold.
Returning to the general case of almost complex manifolds with a compatible metric, there is an intermediate metric-dependent space which proves to be useful both theoretically and in practice, and is defined as follows. First, on the space of µ-harmonic forms there is an operator where Hμ(α) denotes the projection of α into the space ofμ-harmonic forms. We show this is a square zero operator whose cohomology computes the Dolbeault cohomology (Theorem 4.6):
.
We define the space of∂μ-harmonic (p, q)-forms by
µ , where ∆∂μ is defined via the formal adjoint∂ * µ to∂μ. These spaces are also shown to satisfy Serre duality.
We prove the following Harmonic Inclusion Theorem (Theorem 4.9), which generalizes the Hodge decomposition theorem for compact complex manifolds: For any compact almost Hermitian manifold M , there is the following containment and inclusion:
The injection (⋆) is shown to be an isomorphism if Im(∂μ) ⊥ ∼ = Coker (∂μ). The spaces of harmonic forms considered here allow us to prove that H p,q Dol (M ) is finite-dimensional in several situations. For instance, when M is a compact manifold of dimension 2m, we find that the bottom and top rows H 
The spaces of∂-μ-harmonic forms and∂μ-harmonic forms are used in Sections 5 and 6.1 to make explicit calculations for nilmanifolds and nearly Kähler 6-manifolds, respectively.
Lie algebra cohomology. Already in the integrable case, Dolbeault cohomology can be difficult to compute in general. A framework that is particularly useful is that of Lie algebra cohomology, which allows to compute geometric invariants for compact Lie groups as well as for nilmanifolds. A main advantage of this framework is that the computation of Dolbeault cohomology is reduced, by construction, to finite-dimensional linear algebra problems.
An almost complex structure on a real Lie algebra g of dimension 2m defines a bigrading on the Chevalley-Eilenberg dg-algebra A * g C associated to the complexification g C and its differential decomposes into d =μ +∂ + ∂ + µ. This gives an obvious notion of Lie algebra Dolbeault cohomology
,∂) which may be identified as the first stage of a spectral sequence converging to H * (g C ). Since here all spaces are finite-dimensional, we obtain Frölicher-type inequalities (Theorem 5.1)
Under the hypothesis that H 2m (g C ) = C (a condition that is satisfied for the Lie algebra of G connected and compact, and also for G nilpotent) we prove a∂μ-Hodge decomposition on A * g C , giving an isomorphism H p,q
where H p,q ∂μ (g) is the subspace of A p+q g C of∂μ-harmonic (p, q)-forms, defined after choosing a metric on g compatible with J. From this we deduce under the same hypothesis Serre duality on Dolbeault cohomology
This extends work of Rollenske [Rol09] to the non-integrable setting (Theorem 5.4). In particular, the dimensions of H p,q ∂μ (g) are metric-independent numbers. The above results on Lie-algebra Dolbeault cohomology allow for a translation to the geometric situation of compact Lie groups and nilmanifolds respectively as we next briefly explain.
First, if G is any Lie group with Lie algebra g, then A * g is isomorphic to the algebra A * L (G) of left-invariant forms on G. An almost complex structure on g defines a unique left invariant almost complex structure on G. We obtain a notion
and a left-invariant Frölicher spectral sequence which, for G compact, converges to H * (G, C). Also in the compact case, we obtain an inclusion
Dol (G, J) and the harmonic theory developed for Lie algebras applies to give a description of left-invariant Dolbeault cohomology in terms of∂μ-harmonics, as well as Serre duality.
Second, let M = G/Γ be a nilmanifold, where G is a nilpotent Lie group with Lie algebra g. Assume that G carries a left-invariant almost complex structure J, making M into an almost complex manifold. There is an inclusion A * g ֒→ A * dR (M ) which is a quasi-isomorphism by Nomizu's Theorem [Nom54] . We define the Γ-invariant Dolbeault cohomology of (M, J) by letting
Similarly, there is a Γ-invariant Frölicher spectral sequence converging to H * (M, C). Again, the harmonic theory for Lie algebras gives a description of Γ H * , * Dol (M, J) in terms of∂μ-harmonic Γ-invariant forms as well as Serre duality for these groups.
In general, even in the integrable case, it is not known if the inclusion of Γ-invariant forms into the algebra of forms of M induces an isomorphism on Dolbeault cohomology, although this is the case in several situations (see [CFGU00] , [CF01] , [Rol11] . Still, we always have an inclusion
Dol (M, J) which, in some situations, proves to be sufficient in order to do computations. For instance, in Example 5.16 we consider the Kodaira-Thurston manifold and show that the Dolbeault numbers of two different almost complex structures differ.
Maximally non-integrable and nearly Kähler manifolds. In the final section we consider almost complex structures which are maximally non-integrable (c.f. Definition 6.1). In dimension 4 this is equivalent to a structure being nowhere integrable, i.e. the Nujenhius tensor is nowhere zero, and in dimension 6 it is equivalent to the dual of the Nujenhius tensor (i.e. the operatorμ : A 1,0 → A 0,2 ) being a fiberwise isomorphism. We prove that for any maximally non-integrable 4 or 6 manifold the Fröhlicher spectral sequence degenerates at the E 2 -term.
An important family of maximally non-integrable 6-manifolds is given by (strictly) nearly Kähler 6-manifolds, studied extensively by Gray [Gra70] , as well as [Ver08] , [Ver11] , and others. In particular, the degeneration result shows that in dimensions 6, the failure of degenerate at E 2 guarantees there is no metric for which the almost complex structure is nearly Kähler.
We conclude with a thorough study of the E 1 -page of a nearly Kähler 6-manifold, i.e. the Dolbeault cohomology. We derive new algebraic identities here for the natural differential operators∂,μ, etc., on differential forms. Combining this with the Harmonic Inclusion Theorem (Theorem 4.9), we calculate in generality the Dolbeault cohomology of a nearly Kähler 6-manifold in terms of the previously discussed harmonic theory. We show by example that in general the Dolbeault cohomology contains strictly more information that the de Rham cohomology. Moreover, the failure of Dolbeault cohomology to agree with deRham cohomology in certain bidegrees prohibits the existence of nearly Kähler metrics compatible with a given almost complex structure (Corollary 6.18).
This work suggests further research in several directions, which we share here:
(1) Sheaf-theoretic description. It is a natural question whether the Dolbeault cohomology introduced here has a sheaf-theoretic description. [Rol11] for a detailed discussion on the problem). Also, Lie algebra Dolbeault cohomology has proven to be a key tool in the study of small deformations of invariant complex structures on nilmanifolds (see [Rol09] ). Our presentation of Dolbeault cohomology for almost complex nilmanifolds with invariant almost complex structures, naturally allows an extension of these existing studies, to the non-integrable setting. (4) Bott-Chern and Aeppli. Bott-Chern and Aeppli cohomologies are two cohomologies defined for complex manifolds, which map to both Dolbeault and de Rham. In addition to being interesting invariants (see for instance [Ang14] , [AT17] , [ADT16] ), these cohomologies are related to the ∂∂-lemma and therefore to formality of complex manifolds (see [AT13] ). A definition of these cohomologies for almost complex manifolds would shed light onto a version of the ∂∂-lemma for almost complex manifolds. We expect this to include the componentsμ and µ in a non-trivial way, giving a criterion for degeneration of the Frölicher spectral sequence as well as sufficient conditions for Dolbeault formality.
Differential forms on almost complex manifolds
In this section, we collect some preliminaries on almost complex manifolds. Let M be an almost complex manifold of dimension 2m. By definition, there is an endomorphism J : T M → T M such that J 2 = −1 and the real tangent space T x M at x ∈ M has a complex structure J x . The complexification decomposes into +i and −i eigenspaces T 1,0
By taking duals and exterior powers, this decomposition gives a bigrading on the algebra of differential forms with values in C:
Since A p,q is generated by A 0,0 , A 0,1 and A 1,0 , one may verify that for all p, q ≥ 0, the exterior derivative satisfies
Therefore, we may write d =μ +∂ + ∂ + µ where the bidegrees of each component are given by |μ| = (−1, 2), |∂| = (0, 1), |∂| = (1, 0), and |µ| = (2, −1).
The components∂ andμ are complex conjugate to ∂ and µ, respectively. Expanding the equation d 2 = 0 we obtain the following set of equations:
Also, by expanding the Leibniz rule,
we obtain a Leibniz rule for each component of d. Note as well that, by degree consideration,μ and µ vanish on functions, so each are linear over functions. In particular, both (A * , * ,μ) and (A * , * , µ) are commutative differential bigraded algebras.
The integrability theorem of Newlander and Nirenberg [NN57] states that the almost complex structure J is integrable if and only if N J ≡ 0, where
The next lemma shows that J is integrable if and only ifμ ≡ 0.
Lemma 2.1. With the above notation, we have:
where the right hand side has been extended over all forms as a derivation.
Proof. Let π 1,0 and π 0,1 denote the projections onto T 1,0 M and T 0,1 M respectively, and let π 1,0 and π 0,1 be the dual projections onto the respective co-tangent spaces. Let π 2,0 be projection onto (2, 0)-forms. For ω a (0, 1)-form, and any real vectors X and Y , we use that ω vanishes on (1, 0)-vectors to compute
The first equality is by definition and the third uses Cartan's formula
The last equality follows from a straightforward calculation using
the Nuijenhuis tensor, and again the fact that ω vanishes on (1, 0)-vectors. Similarly we haveμ η = − ′ is given by a differentiable map compatible with the almost complex structures, i.e., for all x ∈ M the following diagram commutes:
An isomorphism of almost complex manifolds is a morphism of almost complex manifolds which is also a diffeomorphism.
Note that any morphism of almost complex manifolds f :
Dolbeault cohomology and Frölicher spectral sequence
Throughout this section, let M be an almost complex manifold and denote by (A = A * , * , d) its complex de Rham algebra.
By using the last three of the equations in (△) of Section 2, we will arrive at our definition of Dolbeault cohomology. First, the equationμ 2 = 0 of (△) gives well-defined vector spaces
Next, from the equation∂μ +μ∂ = 0, it follows that∂ induces a well-defined map
. Finally, the equationμ∂ + ∂μ +∂ 2 = 0 shows∂ 2 is chain homotopic to zero, with respect to the differentialμ, and the chain homotopy ∂.
Definition 3.1. Define the Dolbeault cohomology of M by
In what follows, we show that the Dolbeault cohomology of every almost complex manifold arises with the first stage of a functorial spectral sequence converging to the complex de Rham cohomology. For this, we modify the classical Hodge filtration by taking into account the presence ofμ and making it compatible with the total differential.
Definition 3.2. Define the Hodge filtration of A as the decreasing filtration F given by
Note that in the integrable case, F coincides with the usual Hodge filtration.
Lemma 3.3. The Hodge filtration F makes (A, d, F ) into a filtered dg-algebra with
Proof. Using the fact that
we first note that
Since∂μ +μ∂ = 0 the first direct summand satisfies
Sinceμ 2 = 0 the first direct summand satisfies
This proves that F is compatible with the differential and hence (A, d, F ) is a filtered cochain complex. Compatibility of F with the algebra structure is straightforward. The boundedness conditions follow from the fact thatμ is trivial on A 0, * .
Definition 3.4. The Frölicher spectral sequence {E r (M ), δ r } r≥0 of M is the spectral sequence E r (M ) := E r (A, F ) associated to the filtered dg-algebra (A, d, F ).
For each r ≥ 0, the pair (E r (M ), δ r ) is a commutative differential r-bigraded algebra. Since F is bounded, this spectral sequence converges to the complex de Rham cohomology
It will be useful to consider an alternative filtration whose spectral sequence is related to that of F by a shift of indexing (c.f. Remark 3.9). It is defined as follows:
Definition 3.5. Define the shifted Hodge filtration of A as the decreasing filtration F given by
Lemma 3.6. The shifted Hodge filtration makes (A, d, F ) into a filtered dg-algebra such that
For r ≥ 0 we have canonical morphisms of differential bigraded algebras
which are isomorphisms for all r ≥ 1.
Proof. We have:
This proves that F is compatible with the differential and hence (A, d, F ) is a filtered cochain complex. Compatibility of F with the algebra structure is straightforward. Now, note that the filtrations F and F are related via Deligne's décalage filtration:
Thus the lemma follows from Proposition I.3.4 of [Del71] , stating that the spectral sequences associated with a filtration and its décalage are related by a shift of indexing as above.
Remark 3.7. Note that the shifted Hodge filtration makes A into a bigraded multicomplex by letting A p,n−p := A p−n,2n−p . Then by definition we have that
so F is the column filtration associated to this multicomplex. With this new bigrading, the componentsμ,∂, ∂ and µ of d have bidegrees
So the shifted Hodge filtration just rotates the bidegrees of the components of d with respect to the initial grading given by the Hodge filtration.
The Frölicher spectral sequence admits a very explicit description in terms of the componentsμ,∂, ∂ and µ of the differential, whose higher terms we detail in the Appendix. Here we just describe the first stage.
Theorem 3.8. Let M be an almost complex manifold. We have isomorphisms
ω ∈ A p,q such that ω =μα +∂β withμβ = 0
where η is any form in A p+1,q−1 satisfyingμη =∂ω.
Proof. By Lemma 3.6, we have
where F is the shifted Hodge filtration. Therefore it suffices to identify E p+n,−p 2
As noted in Remark 3.7, the filtration F is the column filtration of a multicomplex (
whose differential has four components of bidegree
Each term of its associated spectral sequence as well as a formula for the induced differentials
(A, F ) have a known description, given by Livernet-Whitehouse-Ziegenhagen in [LWZ18] . We obtain:
The first stage is given by
. In particular, we find that
Dol (M ). Lastly, the description of E p+n,−p 2 (A, F ) and δ 1 = δ 2 appearing in [LWZ18] , directly gives the formulas in the statement of the theorem.
In fact, the formula for the first and second stages of the spectral sequence of a multicomplex coincides with those of a bicomplex. Therefore the description of H * , * Dol (M ) coincides with the description of the E 2 -term of the classical spectral sequence defined by Frölicher in [Fro55] , after replacing the roles of∂ and ∂ byμ and∂.
Remark 3.9. The shifted Hodge filtration F in some sense contains more information than the Hodge filtration F . Indeed, we have F = Dec F , but in general, Deligne's décalage functor Dec does not have an inverse. Our presentation of Dolbeault cohomology as the first stage of the spectral sequence associated to F (instead of presenting it as the second stage of the spectral sequence associated to F ) is mainly to naturally recover the usual Frölicher spectral sequence in the integrable case, as well as to preserve the original bidegrees of the componentsμ,∂, ∂ and µ of the total differential. However, in certain situations it may be useful to consider the shifted spectral sequence. For instance, note that Lemma 3.10 below shows that the first term (E * , *
is a well-defined invariant of the almost complex manifold M . In analogy with the integrable setting, one may call the quasi-isomorphism type of this differential bigraded algebra, the Dolbeault homotopy type of M . By Lemma 3.6, the algebra (H * , * µ (M ),∂) is quasi-isomorphic to the algebra (E * , * 0 (M ), d 0 ), but the description of the former one retains the original geometry.
The following Lemma shows that the Frölicher spectral sequence, and in particular H * , * Dol (M ), is a well-defined invariant for almost complex manifolds. Lemma 3.10. Let f : M → M ′ be a morphism of almost complex manifolds. Denote by A (resp. A ′ ) the complex de Rham algebra of M (resp. M ′ ). Then f * : A ′ → A is compatible with both F and F :
In particular, for all r ≥ 0 it induces morphisms of spectral sequences
and hence a morphism between Dolbeault cohomologies
Since f * preserves bigradings, it is compatible with F . Since f * μ =μf * we have that f * (Ker (μ)) ⊆ Ker (μ). Therefore f * is compatible with F .
This immediately gives:
Corollary 3.11. The complex de Rham cohomology of an almost complex manifold has a bigrading, given by E ∞ -page of the Frölicher spectral sequence. This bigrading is functorial and generalizes the existing Hodge-bigrading on the cohomology of complex manifolds.
Remark 3.12. By direct inspection of the Frölicher spectral sequence (whose higher stages are detailed in the Appendix) we may gain some insight by studying the horizontal bottom row q = 0 and the left vertical column p = 0. We have
In particular, if r ≥ 2 and r ≥ p + 1 we have
where for the higher terms we used the formula for E r given in the Appendix. This gives E 0,0
Also, the above expressions give a sequence of surjective morphisms
Likewise, for the vertical left column, we have a sequence of injections
. For compact manifolds, the bottom right corner of the spectral sequence has the following special property, which in particular implies that classes in H m,0 Dol (M ) have well defined periods on homology classes in degree m (c.f. Lemma 5 of [CFG91] in the integrable case).
Lemma 3.13. Let M be a compact almost complex manifold of dimension 2m. Then for all r ≥ 1 we have
α ∧β defines a positive definite inner product on A m,0 .
Harmonic theory
It is well known that for a compact complex manifold with Hermitian metric, the Dolbeault cohomology is isomorphic to the∂-harmonic forms, which are defined to be the kernel of∂-Laplacian ∆∂ :=∂∂ * +∂ * ∂ . This follows from the Hodge decomposition theorem and the fact that ∆∂ is elliptic. In fact, the operator ∆∂ is elliptic on any almost Hermitian manifold; the argument showing the symbol is an isomorphism does not involve integrability, so the Hodge decomposition with respect to∂ is true in the non-integrable setting:
Theorem 4.1 (Hodge∂-decomposition). Given a compact almost Hermitian manifold, for any bidegree (p, q) let
Then for every bidegree (p, q) the following hold:
(1) There are orthogonal direct sum decompositions
(2) Every element ω ∈ A p,q can be written uniquely as
where H∂ (ω) denotes the projection of ω to the space Ker (∆∂ ) of∂-harmonic forms, and G∂ denotes the corresponding Green's operator. (3) The space H∂ is orthogonal to Im(∂) and Im(∂ * ), and is finite-dimensional.
In contrast with the integrable case, the Green operator G∂ may not commute with∂ and∂ * , and the image of∂ * may not be orthogonal to the image of∂. Additionally, in the general case the image of ∆∂ is closed, whereas in the integrable case each of the images∂ and∂ * are closed. Note however, that ∆∂ and G∂ commute, and that both images of∂ and∂ * are orthogonal to H∂ .
In this section we'll make use of this fact, and establish a new harmonic theory for the operatorμ, including a Hodge decomposition theorem and Serre duality. We'll also define a finite-dimensional harmonic theory for any compact almost Hermitian manifold, depending on∂ andμ, and show that it includes into the Dolbeault cohomology groups defined in the previous section. We introduce an intermediate space of harmonics as well, which will prove useful for calculations in Sections 5 and 6. As a consequence we conclude in some cases that the Dolbeault groups of a compact almost Hermitian manifold are finite-dimensional, and equal to these harmonic spaces.
Let (M, −, − ) be an almost Hermitian manifold i.e. an almost complex manifold M with a compatible metric. The metric determines a metric on the fibers A 
and we define the δ-Laplacian by
We denote the space of δ-harmonic (p, q)-forms by
It is well known that for a closed manifold the previously defined operator∂ * is equal to the L 2 -adjoint of∂. The next lemma shows that a point-wise version of this statement holds forμ, which impliesμ * is equal to the L 2 -adjoint ofμ.
Lemma 4.2. For any almost Hermitian manifold, the operatorμ * is equal to the fiberwise metric adjoint ofμ.
Proof. On even dimensional manifold, ⋆α ∧ β = (−1) |α| α ∧ ⋆β, and ⋆ 2 α = (−1) |α| α. For ω ∈ A p−1,q+2 and η ∈ A p,q we compute
where in the second equality we use the fact that µ is a derivation, so that
since ⋆ω ∧η ∈ A m−2,m+1 vanishes for degree reasons.
We next show that there is Hodge decomposition determined byμ on any almost Hermitian manifold. (1) There are direct sum decompositions
where Hμ(ω) denotes the projection of ω to the space H
In particular, every element in H p,q µ (M ) has a uniqueμ-harmonic representative.
Proof. Sinceμ is linear over functions, so areμ * and ∆μ, and each is determined by the restriction to every point. Therefore, it suffices to prove the statements on the fibers A The equality in the definition can easily be checked by expanding (∆∂ + ∆μ)ω, ω = 0.
Note that the spaces are finite-dimensional whenever the manifold is compact. This follows since H p,q ∂ is finite-dimensional by Theorem 4.1, or can be proved directly using the fact that ∆∂ + ∆μ is elliptic; the symbol depends only on highest order terms, and ∆μ is linear over functions.
We next show that these spaces satisfy Serre duality. Proof. For δ =μ or δ =∂, the fact that ⋆∆δ = ∆ δ ⋆ implies
We first show that this operator squares to zero and its cohomology is just the Dolbeault cohomology.
Theorem 4.6. Let (M, −, − ) be an almost Hermitian manifold. For every bidegree (p, q), the following are satisfied:
(1) There is an isomorphism
induced by the identity on representatives. 
Here the horizontal isomorphisms are from Theorem 4. Note that∂ * µ anti-commutes withμ * and therefore
We define the∂μ-Laplacian on Hμ by ∆∂μ :=∂μ∂ * µ +∂ * µ∂μ .
Definition 4.7. The space of∂μ-harmonic (p, q)-forms of an almost Hermitian manifold is given by
The∂μ-harmonic forms, which a priori are infinite-dimensional, also satisfy Serre duality:
Theorem 4.8 (Serre duality). For any almost Hermitian manifold of dimension 2m and for every bidegree (p, q) we have isomorphisms
Proof. It suffices to show that⋆ commutes with ∆∂μ , where⋆ is the ⋆-operator followed by conjugation. This will follow immediately from the relations⋆∂ * Here is the main result of this section relating Dolbeault cohomology to the two spaces of harmonic forms defined above.
Theorem 4.9 (Harmonic Inclusion Theorem). Let (M, −, − ) be an almost Hermitian manifold. For every bidegree (p, q) we have
The injection (⋆) is an isomorphism if Im(∂μ) ⊥ = Coker (∂μ).
This Theorem will be used in section 6.1 to calculate Dolbeault cohomology groups for nearly Kähler 6-manifolds. 
, which would show the spaces on the left-hand side are metric-independent. Such an isomorphism would follow immediately from having a Hodge decomposition theorem with respect to the operator∂μ. However, the operator∂μ is not elliptic, even in the favorable case whenμ has constant rank so that H p,q µ is an honest vector bundle. See Remark 6.17 for an example.
We next show that the top and bottom rows of Dolbeault cohomology agree with∂-μ-harmonic forms and hence are finite-dimensional. We'll make use of the previously mentioned fact that ∆∂ + ∆μ is elliptic, having the same symbol as ∆∂, since ∆μ is linear over functions. In particular, there is a Hodge decomposition theorem for this operator, analogous to Theorem 4.1.
Proposition 4.12. Let (M, −, − ) be a compact almost Hermitian manifold of dimension 2m. For all 0 ≤ p ≤ m and q ∈ {0, m} we have
Proof. In bidegrees (p, 0), for all 0 ≤ p ≤ m, we haveμ * =∂ * =∂ * µ = 0, and there is no image ofμ in degrees (p, 0) or (p, 1), or image of∂ in degrees (p, 0). So all three spaces are equal to Ker (∂) ∩ Ker (μ).
For the case q = m, by Theorem 4.9 it suffices to prove that the inclusion
is an isomorphism. Let ω be a representative of [ω] ∈ H p,m Dol (M ). Since ∆∂ + ∆μ is elliptic, we may write
where H ′ denotes the projection into∂-μ-harmonic forms and G ′ denotes the corresponding Green's operator. For bidegree reasons, we obtain
and hence the above map is surjective.
The following is immediate from Proposition 4.12 and Theorem 4.5.
Corollary 4.13. Let M be a compact almost complex manifold of dimension 2m.
We include one more lemma here concerning bidegree (0, 1), which will be used in Examples 6.7 and 6.8. 
Lie groups and nilmanifolds
A particularly useful set of examples is given by Lie algebra cohomology, which allows one to compute purely geometric invariants for compact Lie groups and nilmanifolds, after solving finite-dimensional linear algebra problems. In this section, we study the Frölicher spectral sequence in the context of Lie algebras with arbitrary almost complex structures, and develop a harmonic theory for their Dolbeault cohomology in the non-integrable case. We then translate the results on Lie-algebra Dolbeault cohomology to the geometric situation of compact Lie groups and nilmanifolds respectively, and deduce several results in that setting.
5.1. Dolbeault cohomology of Lie algebras. Let g be real Lie algebra of finite dimension 2m and let J be an almost complex structure on its underlying real vector space, i.e. an endomorphism J : g → g such that J 2 = −1. This determines decompositions
on the complexified Lie algebra g C := g ⊗ R C, and on its dual g ∨ C . The exterior algebra
then becomes a bigraded algebra
Recall that the differential on g ∨ C is defined as the negative of the dual of the Lie bracket
, and is extended uniquely to a derivation d of A * g C . It follows that d decomposes into four components d =μ +∂ + ∂ + µ with |μ| = (−1, 2), |∂| = (0, 1), etc., and these satisfy Equations (△) of section 2. In particular, the pair (g, J) has a well-defined aμ-cohomology, denoted by H p, * µ (g, J), and a well-defined Hodge filtration F as in Definition 3.2. This gives an obvious notion of Dolbeault cohomology
,∂) and the same proof of Theorem 3.8 gives isomorphisms
A main advantage of this toy-model for the Frölicher spectral sequence is that the computation of the spaces E * , * r (g, F ) is a finite-dimensional linear algebra problem. A first consequence is the following result. Denote by
the Dolbeault and complex Betti numbers of (g, J). Then:
Theorem 5.1. Let g be real Lie algebra of finite dimension 2m and J an almost complex structure on its underlying real vector space.
(1) For all n ≥ 0 we have inequalities
(2) Let χ(g) := (−1) n b n (g) denote the Euler characteristic of g. Then
Proof. This is a classical consequence of the convergence of the above spectral sequence, together with the fact that all vector spaces are finite-dimensional.
We next develop a harmonic theory for the Dolbeault cohomology of (g, J). We'll be rather brief on some details since the background and theory somewhat mimics the smooth manifold setting from Section 4.
Let −, − be a real inner product on g such that Jx, Jy = x, y , which may be extended to a Hermitian inner product on g C . Define the Hodge star operator
where Ω is the volume element determined by J and the metric. 
Define the space of∂μ-harmonic (p, q)-forms as
The following generalizes a result of [Rol09] to the non-integrable setting. Remark 5.3 (c.f. [Rol09] ). Note that the condition of the Lemma is satisfied when g is the Lie algebra of a connected compact Lie group, and also for a nilpotent Lie group. Indeed, for any g the top cohomology with values in the module A 2m
Hence the condition H 2m (g C ) ∼ = C is satisfied whenever g acts trivially on A 2m (g). This is the case for g nilpotent.
Theorem 5.4. Assume that H 2m (g C ) ∼ = C. Then for any almost complex structure J on g, and all (p, q), there is a∂μ-Hodge decomposition
and there are isomorphisms
Proof. This follows from linear algebra since∂ By an argument identical to the proof of Theorem 4.8, we find that
is an isomorphism, where⋆ is the ⋆-operator followed by conjugation. So, by Theorem 5.4, we obtain Serre duality on the Dolbeault cohomology:
Corollary 5.5 (Serre duality). Assume that H 2m (g C ) ∼ = C. For any almost complex structure J on g there are isomorphisms
Remark 5.6. The above Serre duality result allows to reduce the number of terms in the formulas of Theorem 5.1, in the case when g is the Lie algebra of a connected compact or nilpotent Lie group.
Compact Lie groups. If G is any Lie group with Lie algebra g, then the algebra A * g is isomorphic to the algebra A * L (G) of left-invariant forms on G and the almost complex structure on g defines a unique left invariant almost complex structure on G (with every left invariant almost complex structure on G occuring uniquely in this way). Moreover, the isomorphism Definition 5.7. We define the left-invariant Dolbeault cohomology of (G,
. The left-invariant Frölicher spectral sequence of (G, J) is the spectral sequence
the left-invariant Dolbeault and Betti numbers of (G, J). Theorem 5.1 gives:
Corollary 5.8. Let G be a real Lie group of dimension 2m with a left invariant almost complex structure J.
For the remaining of this subsection, assume that G is a compact Lie group of dimension 2m with a left-invariant almost complex structure J. Then the inclusion
is known to be a quasi-isomorphism, so we have
In particular, the left-invariant Frölicher spectral sequence of G computes its complex cohomology and Corollary 5.8 applies with b
is an almost complex manifold, it has an associated (non-left-invariant) Dolbeault cohomology and Frölicher spectral sequence. We have:
Lemma 5.9. Let G be a compact Lie group with a left-invariant almost complex structure J. For all r ≥ 0, the inclusion
, which becomes an isomorphism at the E ∞ -stages.
Proof. Let
g ω be the averaging operator with respect to the normalized Haar measure, where L g is the left translation on G. Since the almost complex structure is preserved by L g , I commutes with the projections onto the (p, q) spaces, and therefore I commutes with the components of d.
Since the inclusion of left-invariant forms into all forms preserves bigradings, we have well-defined maps of spectral sequences
. Therefore the isomorphism at the E ∞ -stages follows from the fact that both spectral sequences converge to H * (G, C). To prove that the above maps are injective for all r ≥ 1, we use the formulas for E r = Z r /B r given in the Appendix. Let ω be left-invariant and assume that ω ∈ B r (G, J). Since ω = I(ω) and I commutes with the components of d one may check, using the description of B r , that
Note that the case r = 1 above gives an injection of Dolbeault cohomologies
. This injection admits an alternative proof via the theory of harmonic forms as we will next see. Denote by
the bigrading induced by J on the algebra of left-invariant forms of G. A leftinvariant almost Hermitian metric on G allows to define spaces L H p,q ∂μ
of left-invariant∂μ-harmonic forms. By Theorem 4.9, Theorem 5.4, and its consequences, we obtain:
Corollary 5.10. Let G be a compact Lie group with a left-invariant almost complex structure J. For all (p, q) the following is satisfied:
are metric-independent.
Remark 5.11. The spaces in the top row are all finite-dimensional and straightforward to compute from the Lie algebra of G. In favorable situations, one can deduce from the top row information concerning the bottom row. For instance, in the next example below we conclude, via left-invariant computations, that the Dolbeault numbers of two different almost complex structures on the same manifold are distinct. Note as well that in general, the inclusion
is strict, as can be checked in the example below.
Example 5.12. Let G = SU (2) × SU (2) and consider its Lie algebra, generated by {X 1 , Y 1 , Z 1 , X 2 , Y 2 , Z 2 } with the only non-trivial brackets given by
Let J be the almost complex structure defined by together with the corresponding complex conjugate equations. We obtain
This is an example of a nearly Kähler 6-manifold, whose properties are further studied in Section 6.1. Note that
. Also, by Corollary 6.10 proved below, we have E * , * 2 (G, J) = H * , * dR (G, J) as well, so we may conclude that E * , *
, which can be endowed with an integrable complex structure J ′ via the holomorphic fibration
Its Frölicher spectral sequence is known, given by:
In particular, by Lemma 5.9 we have
so the (non-left invariant) Dolbeault cohomologies of these two almost complex structures are distinct as well.
Nilmanifolds. Let G be a nilpotent Lie group with Lie algebra g. If g = g Q ⊗ R has a rational structure, then by [Mal49] there exists a discrete subgroup Γ such that the quotient M = G/Γ is a compact manifold, called nilmanifold. The algebra A * g may be regarded as the algebra of Γ-invariant forms on G. There is an inclusion A * g ֒→ A * dR (M ) and by Nomizu's Theorem [Nom54] , it induces an isomorphism
An almost complex structure J on g descends to a Γ-invariant almost complex structure on M which is integrable if and only if J is integrable on the Lie group G of g. The inclusion A * g C ֒→ A * dR (M ) ⊗ C is compatible with the bigradings, but in general, even in the integrable case it is not known if it induces an isomorphism on Dolbeault cohomology, although this is the case in several situations (see [CFGU00] , [CF01] ) and conjectured to be true in the integrable case (see [Rol11] ).
Definition 5.13. Define the Γ-invariant Dolbeault cohomology of (M, J) by letting
Define the Γ-invariant Frölicher spectral sequence for (M, J) by
Corollary 5.14. Let M = G/Γ be a nilmanifold of dimension 2m with a Γ-invariant almost complex structure J. Then for all (p, q), the following is satisfied:
(1) There is an inclusion
(3) For any Γ-invariant compatible metric on (M, J), we have a diagram of injective maps
and an isomorphism
In particular, the numbers dim Γ H p,q ∂μ are metric-independent.
Example 5.15 (Filiform nilmanifold). Consider the nilpotent real Lie algebra g generated by {X 1 , X 2 , X 3 , X 4 } with the only non-trivial Lie brackets given by
Define an almost complex structure on g by letting JX 1 = X 2 and JX 3 = X 4 . Consider the complexified Lie algebra g C , generated by {A, A, B, B} with A = X 1 − iJX 1 = X 1 − iX 2 and B = X 3 − iJX 3 = X 3 − iX 4 . The only non-trivial Lie brackets are then given by By dualizing, there is a free commutative differential bigraded algebra
with generators of bidegrees |a| = |b| = (1, 0) and |a| = |b| = (0, 1) and the only non-trivial differentials on generators given bȳ
together with the corresponding complex conjugate equations. Consider the 4-dimensional nilmanifold M := G/Γ, where G has Lie algebra g. Then
The second page is already the complex cohomology
is guaranteed by Theorem 6.4 below). But note that the first page Γ H * , * Dol (M, J) contains more information, which is an invariant of the almost complex structure of M .
We may consider another almost complex structure on M , defined by
In this case, the Γ-invariant Frölicher spectral sequence degenerates at E 1 , and:
Note that the Γ-invariant Dolbeault cohomology, as well as the bigrading induced on de Rham, allow one to distinguish the non-equivalent almost complex structures J and J ′ . The manifold M does not admit any integrable structure, as pointed out to us by Aleksandar Milivojevic. Indeed, since b 1 is even, by Kodaira's classification of surfaces it would then be Kähler, and hence it would be formal. But every formal nilmanifold is a torus, which has H 1 dR (T 2 , C) ∼ = C 4 . In contrast, the above E 2 -page tells us that H Letting a, b be dual to A, B, it follows that the only non-zero components of d in degree one are
and the conjugate equations. This gives:
The Kodaira-Thurston manifold also has an integrable structure J ′ defined by J ′ (X) = Y and J ′ (Z) = W . It's Dobeault cohomology is well-known (see for instance [Cor89] ), given by:
So the Γ-invariant Dolbeault numbers in the middle cohomology distinguish the two structures. Also, note that
so the non Γ-invariant Dolbeault numbers also distinguish the two structures.
Maximally non-integrable and nearly Kähler 6-manifolds
In this section, we define the condition for an almost complex structure to be maximally non-integrable, and prove for manifolds of dimension 4 and 6 that this condition implies that the Frölicher spectral sequence degenerates at the second stage. Also, in any dimension ≥ 6, we find that maximally non-integrable almost complex structures satisfy H 0,0
A particularly well-behaved family of maximally non-integrable manifolds of dimension 6 is that of nearly Kähler manifolds, which will be studied in more detail. We derive new algebraic identities for nearly Kähler 6-manifolds and use these to compute the Dolbeault cohomology in terms of the∂μ-harmonic forms. In particular, we conclude that the Dolbeault cohomology groups contain strictly more information that the de Rham cohomology groups and their (p, q)-grading. On the other hand, we see that the groups are rather restricted, which perhaps explains in part why there are so few known examples.
Recall thatμ : A p,q → A p−1,q+2 is linear over functions. Let A p,q
be the fiber over x. Definition 6.1. An almost complex structure on a 2m-manifold is maximally nonintegrable ifμ :
is fiberwise injective whenever Note that m p m q is equal to the fiberwise dimension of A p,q , so the condition of maximal non-integrable requiresμ to be fiberwise injective whenever possible. The conditions on (p, q) are easiest visualize in the following diagrams for the cases m = 2, 3, 4, 5, where * indicates the (p, q) bidegrees in whichμ :
is required to be fiberwise injective. * * * * * * *
The following lemma is useful in low dimensions since it reduces maximal nonintegrability to a condition onμ in the single bidegree (1, 0). Lemma 6.2. An almost complex structure on a 4-manifold is maximally nonintegrable if and only ifμ : A 1,0 → A 0,2 is a fiberwise surjection. An almost complex structure on a 6-manifold is maximally non-integrable if and only ifμ : A 1,0 → A 0,2 is a fiberwise isomorphism.
In particular, by Lemma 2.1, this shows that an almost complex structure in dimension 4 or 6 is maximally non-integrable if and only if the map
induced by the Nuijenhuis tensor has full rank, for every vector X at every point. Particular to dimension 4, an almost complex structure is maximally non-integrable if and only if it is nowhere integrable. Remark 6.3. There are nontrivial topological obstructions to admitting a nowhere integrable almost complex structure. Armstrong [Arm97] showed that if (M, J) is a 4-dimensional compact almost complex manifold with N non-vanishing at each point, then the signature and Euler characteristic of M satisfy 5χ(M )+6σ(M ) = 0.
Theorem 6.4. The Frölicher spectral sequence for a maximally non-integrable almost complex structure on a 4-manifold or a 6-manifold degenerates at the E 2 -term. Remark 6.5. The above result is optimal, in the sense that there exist maximally non-integrable compact 6-manifolds whose spectral sequence does not degenerate at E 1 . For instance, let M = SU (2) × SU (2) with the almost complex structure described in Example 5.12, which is maximally non-integrable. By Lemma 5.9 and the results of Example 5.12 we have
The argument in the previous Theorem does not generally apply in dimension greater than 6, though one can write down an integer-valued function d(m) such that maximally non-integrable almost complex structures in dimension 2m degenerate at page E d(m) .
It is worth noting that we do have the following:
Corollary 6.6. In any dimension ≥ 6, a maximally non-integrable almost complex structure satisfies H . Indeed, the bottom and top rows follow from Lemma 4.12 and in bidegree (0, 1) it follows from Lemma 4.14. In bidegree (2, 1), H Furthermore, he proved that these bigraded spaces are non-trivial only when p, q ∈ {1, 2} (see Theorem 6.2 of [Ver11] ) and that d . Lastly, note that the above bigrading induces a Hodge-type decomposition on the complex de Rham cohomology of every compact nearly Kähler 6-manifold.
In this section, we give a detailed study of the Frölicher spectral sequence for a nearly Kähler 6-manifold. We first prove degeneration at the second page.
Lemma 6.9. A nearly Kähler 6-manifold is maximally non-integrable.
Proof. According to [Ver08] , or [Ver11] , there is a local frame (ξ 1 , ξ 2 , ξ 3 ) ∈ A 1,0 , and conjugate (ξ 1 ,ξ 2 ,ξ 3 ) ∈ A 0,1 such that (2)μ(ξ 1 ) = λξ 2 ∧ξ 3μ (ξ 2 ) = −λξ 1 ∧ξ 3μ (ξ 3 ) = λξ 1 ∧ξ 2 for some λ = 0. Equation (2) showsμ (1,0) : A 1,0 → A 0,2 is a fiberwise isomorphism, so the claims follows from Lemma 6.2.
It follows from Theorem 6.4 and Corollary 3.11 that Corollary 6.10. The Frölicher spectral sequence for a nearly Kähler 6-manifold degenerates at the E 2 -term, and for all p, q In particular, for compact nearly Kähler 6-manifolds, the Hodge-type decomposition induced in cohomology agrees with the metric-independent bigrading induced by the almost complex structure.
Remark 6.11. It is an interesting geometric question whether a compact almost complex 6-manifold admits a nearly Kähler metric. Verbitsky showed there is at most one such metric (up to a constant) for each almost complex structure, [Ver08] . Since the degeneration depends only on the almost complex structure, and not the metric, it follows that that if the Frölicher spectral sequence for an almost complex 6-manifold does not degenerate at E 2 , then there is no metric for which the structure is nearly Kähler.
In what follows, we give a careful study of the Dolbeault cohomology for nearly Kähler manifolds. To do so we first review some known background on the algebra of operators on the differential forms of a nearly Kähler 6-manifold, as well as establish some new algebraic identities which may be of interest in their own right. These will be used to facilitate the calculations on the E 1 -page.
Let Finally, we note that the groups H * , * Dol for bidegrees (0, 1), (1, 1), (2, 2), and (3, 2) are in general not equal to H * , * dR . In fact, Example 5.12 is a nearly Kähler structure on SU (2) × SU (2) with C 3 ⊆ H * , * Dol = H * , * dR = 0, for all bidegrees (0, 1), (1, 1), (2, 2), and (3, 2). This shows that Dolbeault cohomology contains strictly more information than de Rham cohomology in the nearly Kähler case.
Appendix A. Higher stages of the Frölicher spectral sequence
In this appendix, we describe all stages of the Frölicher spectral sequence of an almost complex manifold M . We will denote by A = A dR (M ) ⊗ C the complex de Rham algebra of M and its bigrading by {A p,q }.
Theorem A.1. For r ≥ 1, the term (E * , * r (M ), δ r ) may be described by a quotient E (1) For r = 1 we have: 
